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The implications of conformal invariance, as relevant in quantum field theories at a 
renormalisation group fixed point, are analysed with particular reference to results 
for correlation functions involving conserved currents and the energy momentum 
tensor. Ward identities resulting from conformal invariance are discussed. Explicit 
expressions for two and three point functions, which are essentially determined by 
conformal invariance, are obtained. As special cases we consider the three point 
functions for two vector and an axial current in four dimensions, which realises the 
usual anomaly simply and unambiguously, and also for the energy momentum tensor 
in general dimension d. The latter is shown to have two linearly independent forms 
in which the Ward identities are realised trivially, except if c? = 4, when the two 
forms become degenerate. This is necessary in order to accommodate the two inde- 
pendent forms present in the trace of the energy momentum tensor on curved space 
backgrounds for conformal field theories in four dimensions. The coefficients of the 
two trace anomaly terms are related to the three parameters describing the general 
energy momentum tensor three point function. The connections with gravitational 
effective actions depending on a background metric are described. A particular form 
due to Riegert is shown to be unacceptable. Conformally invariant expressions for 
the effective action in four dimensions are obtained using the Green function for a 
differential operator which has simple properties under local rescalings of the metric. 
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1 Introduction 



Conformally invariant field theories are well known and have been much studied in 
two dimensions ^ . Recently the demonstration of existence of fixed points in a large class 
of = 1 and N = 2 supersymmetric theories at which conformal invariance holds , 
as well as the long standing cases of finite = 4 and N = 2 theories in which the (3- 
function vanishes identically, has revitalised the interest in studying non trivial conformal 
theories in four dimensions [^0. Such infra-red fixed points arise in asymptotically free 
supersymmetric theories with a single gauge coupling g but the presence of additional 
fields besides the gauge vector supermultiplet generates the zero of the (3{g) which is 
necessary for a fixed point. The essential mechanism is basically identical to that which 
gives a /9-function zero at two loops in ordinary gauge field theories with suitably adjusted 
numbers of fermions P,^] (the use of perturbative results may be justified for large Nc 
for gauge group SU{Nc) with the numbers of fermions in the fundamental representation 
Nf = 0(iV,)). 

Since conformal invariance provides very non trivial constraints it is possible to hope 
||10|| that exact results for four dimensional theories may also be obtained. In any event 
using conformal invariance allows for significantly simplified calculations of the scale dimen- 
sions of operators at the fixed point than would be allowed in conventional perturbative 
approaches based on expansions about free theories [|Tl],|T^. One of the crucial conse- 



quences of conformal invariance even in dimensions d > 2 is that the functional forms of 
two and three point functions of operators are essentially determined with no arbitrary 
functions present. For operators with spin there may however be two or more linearly 
independent forms compatible with conformal invariance which are possible for the three 
point functions 



In this paper we extend recent investigations by one of us |jT^ to discuss in detail the 
form of the three point functions involving conserved vector currents and the energy 
momentum tensor T^^, in general d Euclidean dimensions. This is motivated by analogy 
with two dimensional conformal field theories where the parameters which occur in the two 
and three point functions of these operators, such as the Virasoro central charge c, play a 
vital role in specifying the theory. If any result like the Zamolodchikov C-theorem is 



to hold in four space time dimensions ||9|, p!5| , p!6|JT7| , p!8| then it must involve quantities which 



are well defined in the conformal limit |jT^. One suggestion for a possible generalisation 
involves the coefficient of the term in the trace of the energy momentum tensor on a 
curved space background involving the topological Euler density (in two dimensions 
this is proportional to c). As shown later, in four dimensions this parameter is connected 
directly with one of three linearly independent forms for the conformal invariant three 
point function of the energy momentum tensor. 

The conserved current and energy momentum tensor of course satisfy the equations 
dfiV^ = 0, a^T^. = 0, T^, = T,^, T^M = 0' (1-1) 

where conformal invariance dictates that Vfj, and T^j^ must have scale dimension d — 1 
and d respectively. In our discussion it is important to recognise that the operators 
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and Tfj^i, are not uniquely defined. It is possible to add to or T^^, terms which lead to 
the same conserved charge or generators of the conformal group. For the current the 
arbitrariness has the form 

Vf,^Vf, + d^F^, , F^, = -F,^ or F^, = , (1.2) 

while for the energy momentum tensor correspondingly 

Tfj,i, ~ T^jy + dadpC ^apv 1 (1-3) 

where C^^crpu has the symmetries of the Weyl tensor 

with F^i, and Cp^pu each of dimension d — 2. The additional terms in (1.2) and (1.3) 
automatically satisfy (1.1). It is also crucial that both operators are quasi-primary opera- 
tors which means that they transform homogeneously as tensor operators under conformal 
transformations. In particular theories operators with the assumed properties of -F^j^ and 
Cp^apu need not exist (for d = 2 or 3 Cpupu is necessarily zero). Nevertheless the freedom 
exhibited in (1.2) or (1.3) with (1.4) is ultimately behind the existence of more than one 
linearly independent form for the three point functions involving Vp or T^^j. In some cases, 
where there are no non trivial Ward identities, the three point functions can be written 
just as if the current or energy momentum tensor was given by the terms involving F or 
C in (1.2) or (1.3). When this is feasible this ensures that the resulting expression is less 
singular since, in the spirit of differential regularisation ||2^, derivatives have been pulled 
out. 

In discussing two or three point functions of conserved currents it is essential to 
pay careful attention to anomalies in the various Ward identities. Such anomalies are 
most succinctly expressed in the presence of background fields. Thus for the fermion axial 
current with a gauge field Ap coupled to the vector current the well known anomaly in four 
dimensions, if gauge invariance with respect to gauge transformations on Ap is preserved, 
has the form 

dp{ilJjpj5ij)A = ep^apFp^Fap , Fp^ = dpA^ - d^Ap . (1.5) 

For the energy momentum tensor it is natural to consider the theory extended to a general 
curved space with metric Qpi, so that the vacuum energy functional, or effective action, 
is a functional W{g, A) and we may define the energy momentum tensor and conserved 
current in this background by ^/g{Tp^)g,A = -25W/5gf^'^ and y/g{V^)g^A = -5W/SAp. In 
this case the gauge symmetry (when dAp = dpX) and invariance under diffeomorphisms 
(when 5g^"' = CyQ^''' = -V^'v" - Vv^" and 5Ap = CyAp = v^d^Ap + dpV^A^ for Cy the 
Lie derivative), which are assumed to be preserved in the quantum theory, lead to 

V^(y^)3,A = , V''{Tp,)g,A + F,piy>')g,A = . (1.6) 
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For a theory which is conformal on flat space there is now an anomaly in the energy 
momentum tensor trace * which may be assumed to be of the form in four dimensions 



9'"'{T^u)g,A = iF^'^M- - f3aF - (3l,G , (1.7) 

where 

F = C^^^^Caf3jS , G = je^'^^^ectp-ypR"''^ f^uR'^^ ap , (1-8) 

with CctPjS the Weyl tensor which is given in terms of the Riemann tensor in (A. 3). G 
is the topological Euler density in four dimensions. The curved space anomaly implies an 
anomaly of the three point function when restricted to flat space [|T3| , ^ , 

(T^^(x) T^p{y) T^p{z)) = 2{5\x - y) + 5\x - z)) {T,p{y) T^p{z)) 

- 32/3a 8^ae7^p,a^8i3 dedr,S'^{x - y)d^dsS'^{x - z) (1.9) 
+ '^l3h{e-aa^Kepp^\df,d\{d^6'^{x - y)dr,S'^{x - z)) + a ^ p}, 

where S'^ denotes the projection operator onto tensors with the symmetries (1.4) and is 
given explicitly in (A.l) for general d, it may be defined by £'^pi7pi',a'y5/3 = dC^^apu/dCa-ySis- 

As a precursor to describing various applications of conformal invariance we review 
in the next section the general form of conformal transformations when d > 2 and define 
quasi-primary fields by their conformal transformation properties. The statements made 
above concerning (1.2) and (1.3) are justified and the ingredients necessary for a general 
construction of two and three point functions introduced. The consequences of conformal 
invariance for Ward identities involving the energy momentum tensor are also briefly de- 
scribed. The general results are first applied in section 3 to the three point function of two 
vector currents and an axial current. Using conformal invariance we obtain an expression 
in which vector current conservation is automatic and the divergence of the axial current 
give rise unambiguously to the standard expression for the axial anomaly. Of course this 
result is a necessary consistency test but our approach may be regarded as allowing a sim- 
ple derivation of the anomaly which is in the framework of differential regularisation. In 
section 4 we apply the same techniques to the three point function of two vector currents 
and the energy momentum tensor. For this example we can effectively write = d^F^^, 
which allows less singular expressions to be obtained since the dimension of F^^, is d — 2 
rather than d — 1 for V^. In four dimensions the results are compatible with the trace 
anomaly for external background gauge fields. In section 5 we recover the previous re- 
sult [0 that there are only three linearly independent forms for the three point function 
{Tp_,^{x)T^p{y)Taf3[z)) . The expressions obtained are simplified by using expressions in 
which the symmetry is manifest so that it is only necessary to impose the conservation 
equation. In section 6 it is shown how to obtain less singular expressions making use of 
(1.3) although this only allows for two linearly independent expressions. The results triv- 
ially satisfy the Ward identities for the divergence and trace of T^j^. In the latter case when 
d = A there is an anomaly of the expected form corresponding to the trace of the energy 

* This review contains a comprehensive Hst of references on the trace anomaly. 
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momentum tensor on a curved space background. For the anomaly associated with the 
Euler density G the mechanism is in accord with the suggestions of Deser and Schwimmer 
||23|| since it involves tensors which vanish identically when d = 4 but which are combined 
with a pole in e = 4 — d. We derive an expression for the coefficient of the anomaly in 
terms of the parameters of the general three point function which is compatible with re- 
sults obtained by explicit calculation for free fields. In section 7 we also discuss the form 
of the gravitational effective action which may be expressed as a non local function of the 
curvature and which is directly connected with the energy momentum tensor correlation 



functions on flat space. We show that a particular elegant expression due to Riegert |2| 
which generates the G term in the trace anomaly in (1.7), is incompatible with conformal 
invariance for the corresponding expression for the energy momentum tensor three point 
function on flat space since {T^^[x))g does not fall off sufficiently rapidly in this case for 
large for asymptotically flat spaces. Other forms for parts of the effective action W in 
four dimensions which are compatible with conformal invariance are also considered. To 
achieve this we introduce a second order differential operator which acts on 2-forms, 
or antisymmetric tensors, which has nice properties under local rescalings of the metric, 
similar to the operator — + \R acting on scalars. Effective actions constructed us- 
ing the Green function for A-^ are then in accord with our conformal invariance results 
when reduced to flat space. In a conclusion we show in general how in the three point 
function of a conserved vector current or the energy momentum tensor with operators of 
different dimension the we can always write it in a form so that effectively V"^ = di^F^^, or 
T^i, = dadpC^crpv Some lengthy mathematical formulae are for convenience relegated to 
three appendices. 



The results of this paper are a development of earlier work by one of us |jT^ but we 
endeavour to simplify the presentation and make more systematic use of (1.2,3) and also 
consider the implications for the effective action on curved space. 

2 Conformal Invariance 

The group of conformal transformations acting on is defined by coordinate trans- 
formations such that 

—> x'^{x) , dx'^dx'^ = Q{x)~'^dx^dxij, . (2.1) 
For an infinitesimal transformation we may write 

x'^{x) = Xf^ + v^{x), 0(x) = 1 - a„(x) , 



dfj,v^ + d^v^ = 2aySfj,^ , cr„ = - d-v 



1 (2.21 
d 



Except for d = 2 the general solution of (2.2) has the form 

v^{x) = ttf^ + ujfj_„x„ + XXf^ + bfj_x'^ -2Xf^b-x , u^i, = -u„^, a„(x) = A - 26-x , (2.3) 
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representing infinitesimal translations, rotations, scale transformations and special con- 
formal transformations. For any such conformal transformation we may define a local 
orthogonal transformation by 



n^a{x) = , n^a{x)'R^a{x) = , (2.4) 



which in d dimensions is a matrix belonging to 0{d) . Apart from conformal transformations 
which are connected to the identity there are also inversions. For an inversion through the 
origin this has the form 

X ^ — — ^ , 0(x) = X , TZ^,y{x) = I^^{x) = S^jj — 2 • (2-5) 

Any conformal transformation can be generated by combining inversions with rotations 
and translations. In d dimensions the conformal group is isomorphic with 0{d + 1,1). 

The construction of conformally invariant forms for correlation functions of quasi- 
primary fields depend on recognising that for arbitrary conformal transformations the 
inversion matrix /, as defined in (2.5), plays the role of a parallel transport since for two 
points x,y we have 

- y') = n^Ux)n,piy)Ic.pix - y) , (x' - y'f = ■ (2-6) 

Furthermore for three points x,y, z we may define vectors at each point which transform 
homogeneously under conformal transformation. At z the associated vector is given by 

7 = If)- In = {X-Z)^ _ [y-z)^ 2 _ - yf J^ 

2^M^Ii^^_^)2 (^_^)2 (y-z)^' {x - z)^y - z)^ ' ^ ' 

SO that 

z'^ = n{z)n^^iz)z^. (2.8) 

Xfj_ and y^, which are vectors at x and y, are defined by cyclic permutation. Conformal 
invariance requires various identities, important ones for subsequent use are 

^x — y ) ^ 

I^a{x-z)Za = -j^—^ X^, I^a{x-z)Iai,{z-y) = I^„{x-y)+2{x-y)'^Xfj,Y^ , (2.9) 

together with obvious permutations (note that for x ^ y Z ^ —Z while X ^ —Y)- 

A quasi- primary field (9*(x), where i denotes components in some space on which a 



representation of 0{d) acts, is defined by the transformation properties [|2^ 

0\x) 0'\x') = n{x)'^D'j{n{x))0'{x) , (2.10) 
5 



where r] is the scale dimension and D'^j{R) denotes the representation for R^^, e 0{d). This 
result reduces to the standard transformation rules for translations and rotations. For an 
infinitesimal transformation as in (2.2) 

5yO'{x) = -{L^Oy{x), L^ = vd + riay-ld^^v,]S^,, (2.11) 

where {s^^Yj = —{sj^^Yj are the generators of 0{d) for the representation which acts on 
O. It is easy to verify that Ly obey the required Lie algebra [L„,L„/] = L^y^^n^ for the 
conformal group. 

It is clear from the definition in (2.10) that the derivative of a quasi-primary field, d^O, 
is in general no longer quasi-primary, since there are additional inhomogeneous terms in- 
volving O in the transformation. In special cases these terms may cancel. For a vector field 
of dimension r] the application of (2.10) for an infinitesimal conformal transformation 
gives 

5yV^ = -LyV^ = -[vd + riay)V^ - d^^v,^ K , (2.12) 

since for this representation {s^jj)a(3 = SixaSi/(3 + Sni3Si/a- It is then easy to see using (2.3), 
so that d[i^v^] = -u^ty + 2{x^K - Xyh^), 

d^,5yV^ = - {vd +(77 + l))d^V^ + 2irj-d+ l)b^V^ . (2.13) 

Hence if d^V^ is to be a conformal scalar, so that 5„(9^V^) = —Lyd^V^ with Ly appropriate 
for a spinless field of dimension ?7 + 1 , we must require r] = d — 1. For a second rank tensor 
field F^i, then similarly to (2.13) we may find 

d,,SyF^^ = -Ly{d^F^^) + 2{rj-d+ 1)KF^^ - 2KF^^ + 2h^F^^ . (2.14) 

for Ly here acting on a vector field of dimension ?] + 1. The inhomogeneous terms in (2.14) 
disappear if F^^, = r] = d-2, which justifies (1.2), or if F^^ T^^ = T,^^, T^^ = 

and r] = d. If C^crpu satisfies the conditions in (1.4) then similarly 

dpSyC^^pi, = — Ly{dpCi^crpv) + 2{r] — d-\- l)bpCn^pi, , 

(2.15) 

dadpSyC^a-pv = — Ly{da-dpCij,a-pv) + 2{r] — d + 2){bpda-Cna-ph> + bfjdpCufjpiYj . 

Hence this verifies that dadpC^crpv is a traceless tensor field if Cp,apv has dimension d — 2 
as well as obeying the Weyl tensor symmetries in (1.4). 

Using the results in (2.6) it is straightforward to construct conformally covariant 
expressions for the two point functions of quasi- primary operators. For the field O trans- 
forming as in (2.10) and its associated conjugate field O, which is assumed to transform 
as Oi{x) n{x)''dj{x)D-'^^i{n{x)), then, if the representation of 0{d) to which 0,0 
belong is irreducible, we may write in general 

{0\x)0,{y)) = -S;^D^j{m), s = x-y, (2.16) 
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for Co an overall constant scale factor. Conformal invariance requires that the two point 
function is zero unless both fields have the same scale dimension. Applying this result to 



the conserved vector current we have 

iy^{x)VM) = ^^lAs), (2.17) 
while for the energy momentum tensor T^j^ 

(T^^(x)T^p(2/)) = ^l'^^,u,ap[s) , I^f,^,apis) = Ipa{s)I„f}{s)£^c.p^^p, (2.18) 

s 

where ^ 

is the projection operator onto the space of symmetric traceless tensors so that repre- 
sents the corresponding inversion tensor. Since d^V^ is a scalar and d^T^^ is a vector, if 
^iiiT^i, have dimensions d—l,d, this ensures that (2.17) and (2.18) automatically satisfy 
the required conservation equations as the two point function of d^V^ and 14 or d^T^i, 
and Tfjp must vanish for general reasons of conformal invariance. 

The general formula for a conformally covariant three point function for quasi-primary 
fields is also relatively simple when expressed in terms of the vector Z* 



{0\{x)Oiiy)0',iz)) 

Dl,{I{x-z))Di,,{I{y-z))f,l^{Z) 



1 (2.20) 



{x - zY^T^ {y - z)2^2 

Since the parallel transport relation (2.6) extends to arbitrary representations it is sufficient 
to require that ti2^3{Z) is a homogeneous function satisfying 

(2 21) 

Dii, {R)D^j, {R)Dik' (R) (Z) = fS,^{RZ) for all R G 0{d) . 
Using this with (2.9) and Iaa{y — z)Ia^i{z — x) = Iaa{y — x)Ia^{X) the equivalent result 

{0{{x) Oiiy) Oliz)) 

1 (2 22) 

Dir{I{y-x))D,\,{I{z-x))tQ[^{X), 



{x - y)2'?2 (x - zY'^■ 
is obtained where 



t§MX) = {X'r-^^Di,,{I{X))t\{',{-X) . (2.23) 



* This is entirely equivalent to the result given in [ p^ in (2.13) for a convenient choice of 
the arbitrary parameter q there. 
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The form of the three point function is determined then by solving (2.21). For aU fields 
identical then symmetry of {0^{x) (y) 0^{z))^ for bosonic fields, requires 

f^'=(Z) = t^'''{-Z) = D\,{I{Z)) t^''^{-Z) , (2.24) 

A particular solution of this condition may be found if the representation to which O 
belongs allows for a completely symmetric invariant tensor (T^'^ . Using the invariance 
condition D\^{R)D^ j^{R)D^k'{R)d''^'^' = d'^'' for R I{Z) then since P = 1 (2.24) is 
satisfied if we take in the expression (2.20) for this case 

f^^{Z) = D^k'{I{Z))d''^' — ^-r- . (2.25) 



The function t^^2i{Z) has a direct significance since it represents directly the leading 
term in the operator product expansion. From (2.22,23) and (2.16) it is easy to see that the 
leading contribution of the operator O^. to the operator product of Oi{x)02{y) a,s x ^ y 
is given by 

0\{x)Oi{y) ~ -^i^l,{x - y) d,,{y) . (2.26) 
A generalisation of an argument due to Cardy shows how the complete three point 



function, as given by (2.20), may be recovered just from the leading singular term in the 
operator product expansion by a simple application of suitable conformal transformations. 

In this paper the main subject of interest is the energy momentum tensor T^,^ sat- 
isfying (1.1). This satisfies Ward identities refiecting its role as a generator of conformal 



transformations [|T3| , p7[| . The crucial Ward identity for a correlation function for quasi- 



primary fields at yi, 1/2, • ■ ■ may be expressed in the form 

dS^ v,{x){T^,{x) 0\y^) ...) = {5^0\yi) . . .) , (2.27) 

s 

where 5" is a surface enclosing the point yi (if S encloses other points yr then the r.h.s 
is a sum of terms involving the conformal variation of the field at each y^ in turn). For 
V satisfying (2.2) the l.h.s. is invariant under smooth changes in S so long as it does not 
cross any of the points yr- If S is restricted to a sphere surrounding the point yi with 



radius tending to zero we may use the operator product expansion in the form [26 



T^^ix) 0{y) ~ A^,{r)0{y) + B^^x{r)dxO{y) , r = x-y, (2.28) 

and then (2.27) in conjunction with (2.11) for 5^(9, since now dS"^ = \r\'^~^f^(iVtf for 
= \A = requires the conditions 

/ dilf r^A^^{r) = , / dfif r^Bf^i,x{r) = -S„x , 

(2.29) 

/ dOf T ij^t^A^i;{t^ — 5^1, -\- 2^uji' Cijji, , Cuji/ Ci/ijj , Ci/u . 
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s^^i, is the usual generator of 0{d) in the representation defined by O while C^^^, is an 0{d) 
invariant (satisfying [s^i,,C^\\ + {s^^)i^\^i^i\iCi^i\i = 0) and is otherwise undetermined by 
the Ward identity. 

As mentioned above, the operator product coefficients are related to the appropri- 
ate three point function. We may therefore find the three point function of the energy 
momentum tensor, a general operator O and its conjugate O by applying (2.20), 



{T,^{x)0\y)0,{z)) 

= Co (^_^p4_^)2, ^Wp(^ - z)D\,{I{y - z)) Aj,{Z) . ^^'^^^ 

since the leading term in the operator product expansion (2.28), according to (2.26), de- 
termines the appropriate form for the relevant function ^{Z). In accord with (2.21) 
A^u{Z) = 0{Z~'^) and also satisfies the appropriate corresponding rotational covariance 
condition. The conservation equation (1.1) also leads directly to d^A^jj[Z) = for Z 7^ 0. 
As a consequence of the three point function being fully determined by the leading oper- 
ator product expansion coefficient A^jj it is possible by careful expansion to evaluate the 
next leading term -B^i/a in (2.28) in terms of A^^j. Using this result, given in [^, it is easy 
to verify that the condition on B^j,\ in (2.29) holds so long as the relations for A^^, are 
satisfied. If A^i,{x) is regarded as a distribution on the Ward identity results (2.29) 
may be rewritten equivalently in the form 

df,Af,^{x) = 5^x + C^x + \s^>)dx5'^{x) , 

^'^ ^ (2-31) 

A^^{x) = Cf,^6'^{x) , d^B^^x{x) = -5^x5'^{x) , 

where C^j^'j = C*!,^ j is a general 0{d) invariant. This term in the result for d^A^^ 
and A^^ refiects the arbitrariness due to regularisation dependent ambiguities in A^^{x) 
proportional to 5'^{x) when it is extended to a well defined distribution*. The ambiguity 
represented by C^jj arises essentially from the freedom of definition of the three point 
function (2.30) up to changes of the form 

(T^.(x) 0{y) 0{z)) ^ (T^.(x) 0{y) 0{z)) 

+ 6\x - y)C^AOiy) 0{z)) + S\x - z){0{y) 0{z))C^, . 

Corresponding to (2.31) we may then find a general expression for the Ward identities for 
the three point function in (2.30) 

d-^{T^^ix) 0{y) 0{z)) = dj''{x - y) {0{x) 0{z)) + dj^ix - z) {0{y) d{x)) 

+ d\[6\x - y) {^S^x + C.A + ^s^x) {0{x) 0{z)) 

+ 5^(x - z){0{y) d{x)) (^5.A + C^x - ^s^x) } 
(T^^(x) 0{y) 0{z)) = 6\x - y)C^^{0{y) 0{z)) + 6\x - z){0{y) 0{z))C^^ . 



(2.33) 



If we define d^_iA^,j{x) = livn^^o d^_,{x'^'^ A^„{x)) then in (2.31) C^j.^ = C, 



flu 
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For suitable choices of C^^. these identities are identical with standard Ward identities 
whose derivations may depend on particular regularisation schemes. 

As an illustration we discuss the Ward identities for the three point function of the 
energy momentum tensor itself which may be derived by functional differentiating (1.6) 
and then restricting to flat space, 

d''^{T^^{x)T,,{y)T^l3{z)) = d,5%x - y) {T,p{x)T^p{z)) 

+ d,{5\x - y){T,p{x)T^p{z))) + d,{5''{x - y){T,,{x)T^p{z))) 
+ y, a, z, a, p. (2.34) 

This form for the Ward identity is in exact agreement with (2.33) if we take {C,yx)ap,a'p' — 
£^ap,ue£\e,a'p' + ^ A. Siucc {C^^)ap,a'p' = ^£\p,a'p' the Corresponding trace identity 
becomes 

(T^^ix) T,p{y) To,p{z)) = 2{6\x - y) + 6''{x - z)) {T,p{y) T^p{z)) , (2.35) 

which is identical with (1.9) for (i = 4 if the anomaly terms proportional to /3a, 6 are 
dropped. 

The presence of the trace anomaly leads to extra terms in the equations such 
as (2.27) expressing conformal invariance when d — A. For instance if we integrate 
d^ij,(y^{x){T^^{x)Tf^p{y)Tai3{z))) over all x, dropping the surface term for \x\ — > oo, then, 
if Vfj_{x) is assumed to satisfy the conditions for an infinitesimal conformal transformation 
as in (2.2), using (2.34) for d = 4 and (1.9) gives 

{LyTapiy) Ta/3{z)) + {T^piy) L^Ta/3{z)) = -32/3a £^aer,p,a-f6i3 d^dr,ay{y)dydsS'^ {y - z) , 

(2.36) 

where Ly is defined as in (2.11) with the scale dimension rj = d. There is no term involving 
I3b in this case since dda^j = 0. This result shows that (3 a must be related to the coefficient 
Ct of the energy momentum tensor two point function as exhibited in (2.18). To obtain 
the exact relationship requires a careful treatment of the short distance singularities. From 
(2.19) we may write 



{T^p{y)T^p{z)) = CT 



I ap,apiy - Z) 



^-f' , (2.37) 



~ {d-2,){d-2)d{d+lf -ma75/3^W75'5(^_^)2(d-2) ' 

where the second form ensures that the conservation equations are trivially satisfied al- 
though it is no longer manifestly conformally covariant. When d = 4 the singularity as 
y — > 2; is not integrable so some regularisation, denoted by TZ, is necessary 
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A convenient definition in this case is to take 

with n an arbitrary regularisation scale and where is defined as an analytic 

function of iv, the limit u —>■ may be taken as a distribution after subtracting the 
pole. In the second expression for 7?.(l/x^) in (2.39) the limit is found explicitly following 
the method of differential regularisation Using the representation (2.37) or (2.38) the 
conformal variation of the energy momentum tensor two point function may be determined 
with the aid of the essential result obtained in (2.15), L^^df^dr^Cae-qp) ~ d^dri{LyC^^rip) if 
Caerip h^s dimension d — 2 and obeys the symmetry conditions of (1.4). The conformal 
variation given by L„ applied to (2.38) then reduces to a term involving 

{v{yydy + v{zyd' + 2aM + W)^^^-^ = 27rV„(2/)5'*(y - z) , (2.40) 

and in addition terms representing the associated conformal variation of £'^aer]p,a'ySf3 which 
is given by the action of the rotation generator corresponding to d^^Vjy-^iy) for the indices 
aerjp and to d[fj,v,y]{z) acting on the indices a'y5(3. Using that is an invariant tensor we 
then obtain 

{L,T^p{y)T^f3{z)) + {T^piy) L^T^p{z)) = '^^£''.e^p,c.^5(3 Oy^dy^d'^dMaM^^y ~ z)) 
3Ct 1 

+ dy^dyndlfd''sdy[x {£'^ae]vp,aj5P + £ pry] ecr, 075/3) _ " (2-41) 

The symmetries of £''^ ensure that the second line, depending on vanishes and compar- 
ing with (2.36) gives finally 

/3a = Ct. (2.42) 

^ 640 ^ ^ 

In a similar fashion the vector current two point function in (2.17) may be written for 
d = 4 in the form 

(V^ix) K(y)) = -^£^pa,.pd^^dypnj-^-^ , ^V-P = KV'^-p - ^^^p^--) ■ (2-43) 
Following a similar analysis to the above we may find 

{L^V^ix) VM) + {Vp{x) L„K(y)) = - £''^^,.pd^^dyp{a^{x)S\x - y)) 

Cv ^ ^ F 1 ^^-^^^ 

- -^^A^ ag^pglAg^A^a],^p (x - y)^ ' 

The second term vanishes identically as previously and the result may be compared with 
the consequences of the trace anomaly in (1.7) to give 

K=^Cv. (2.45) 
6 
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In consequence of (2.42,45) the trace anomaly coefficients k and f3a determine the scale 
of the vector current and energy momentum tensor two point functions in the conformal 
limit. 

3 Axial Anomaly 

As a first application of these results* we consider the archetypal situation in which 
an anomaly is present, the three point function of two vector currents V and an axial 
current A. In this section we set d = 4 throughout since the e tensor plays an essential 
role. The conserved vector and axial currents then have dimension 3. We impose manifest 
conservation of the vector currents by requiring that the three point function is written in 
the form 

{v,{x)VMAUz)) = didivl!X^{x,y,z) , v^^^ = rf^^j^^,^ = rji;^^^],^ , (3.1) 

with the symmetry condition r^^j^^^(x, y, 2) = T^pJ^^^^{y, x, z). From the conservation 
equation for the axial current we must also require that 9^r^^j^^(a:, y, 2) = for non 
coincident points x.y^z. Assuming conformal invariance, with T^^^ ^^(x, y, 2;) the three 
point function for an antisymmetric tensor field of dimension 2 at x, y, and also the required 
parity properties leads to an essentially unique solution, 

T^FFA , ^ _ ^ 1^pa,p'a'{x - y) ^ ^ 

((x - yY) 

for representing inversions on antisymmetric tensors and defined by 



with £^ defined in (2.43). The symmetry condition for x ^ ?/, when Z — > — Z, follows 

F ^ _ _-jF ^ 

pa,p' a' p' cr' V p v p^v' p"^ pau' p' • 



from det/ = —1 which implies T^pa^p'a'^p'a'up = —l^upv'p'^pav'p'- By calculating the 



derivatives we may find an expression equivalent to that in refs. 



{V,{x)VMAM)) = AC ^^f}"" "}!'''''^\J , (3.4) 

((x - zY{y - zY) J 

which is of the standard form given by (2.20). 

The expression given by (3.4) is non integrable as a function on M^, with coordinates 
X — z,y — z, due to the singular behaviour asx — — z^O. The Fourier transform 

is therefore ill defined without regularisation (this corresponds to the linear divergence of 
the usual triangle graph). However r^^;^^^(x, y, z) as given in (3.2) has no non integrable 
short distance singularities and represents a well defined distribution on (the apparent 
sub- divergence for x — y — > in (3.2) is absent since Z oc x — y in this limit). Thus the 



A discussion of the axial anomaly in configuration space is also contained in ref. |25 
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divergence of the axial current in (3.1) may be unambiguously calculated. To achieve this 
we first use from (2.7) 

a^(Z2zj = 27v'{d\y -z)~ d\x - z)) . (3.5) 
The remaining derivatives can be evaluated with the aid of 

da ^ ^"''^P^^'^ = "^-^(^SapSf,,, - SaJpfj,)da^ lT^'^S^f,a,updaS^{x) as A ^ 2 , (3.6) 

which depends on the limit, as in (2.39), 

1 7r2 



— r(x) for u^O. (3.7) 



Using the result (3.6) for the d^^ or d^p derivatives in association with the first or second 
terms on the r.h.s. of (3.5) we thereby obtain 

dl{V^{x)VMM^)) = 27r^Cd^adyp{epa.pdHx - z)5\y - z)) , (3.8) 

which is the standard expression for the anomalous divergence in this case. 
For free fermions it is easy to determine the overall coefficient using 

with also tr(7Q7/37-y7575) = Aea/s-yS- The result for the usual triangle graphs coincides with 
(3.4) if 

^=i^' (3.10) 

although the calculation may be simplified by restricting x,y,z to be coUinear such as 
along the 1-direction. The formula (3.8) for the anomaly coefficient then corresponds with 
that expected from (1.5). 

Of course far more sophisticated methods for determining the anomaly in duj{A^), 
on general backgrounds, are known but the above derivation perhaps makes natural the 
essential independence of the result of any regularisation procedure once vector current 
conservation has been imposed. 

4 Conserved Currents and Energy Momentum Tensor 

An example which is less involved than dealing with the energy momentum alone 
concerns the three point function of two vector currents and the energy momentum ten- 
sor. Previously it was shown [ITBI that there are two possible linearly independent forms 
assuming conformal invariance. Since conservation of the vector currents does not lead to 
any non trivial Ward identities we here restrict attention to the form 

iyp{x)VMTo.p{z)) = dld^r^^^^^^^^ix, y, z) , (4.1) 
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with r^^3^ antisymmetric on jia and vp but symmetric and traceless on ap. Applying 
conformal invar iance we may assume in accord with (2.16) 

\yx z) [y z) ) 



where t^^'^ can be expanded in general in the form 



^FFT ('7\ _ A cF cF cT ^ 



_l_ R cF cF cT Z^Zr, 
'T o i^a,Ke^ vp,Xr]^ KX,al3' 



(Z2)^d-1 

+ C £^fj,a,Xe^^up,\rj (^^eK,Q:/3-^77 + ^%K,a/3-^e) i j_i (4.3) 

(Z^)2" 

,T^CF ( ZgZp 1^ \ 1 

It is also useful to rewrite (4.2) as in (2.22) alternatively as 

^ p.a,vp,al3\^^yi^) - , _ \2\'^-'^(( _ \2A^ ^ p.ay p' ,a' p'K^ ) i y"^-"^) 

[yy — X) j yyz — x) j 
where now, applying (2.23) in this case, 

'^^ajyp,af3i-^) — ^-^2^^^" P' p' ,af3i~-^) 

_ A cF cF cT ^ 

— -tio ij,a,Xe<^ vp,Xr)<^ erj.a/J id 

y2A. -\- Jd) C fjicr^Ke^ up^Xr)^ KA,a/3 



(X2)3d+1 

{X^ 



-T <^ O p,a,Xe<-' i'p,Xr)<-' «»7>a/3 ^ -^2^ ^d+l l^-^/ 



IOAj-r\P^ c-F cT Xr^Xi^ 



P / Xfy,Xfj 1 \ 1 

- (2C + 4:D + E) g^^a,Ae^%,A7?^e^77 ( ^2 ^ ~ ^^^-s) ^^2)|d+l 



14 



Imposing the conservation equation 

9orji;jp,a/3(^,y,^)=0 ^ 5^t™,aM^)=0' (4-6) 

and this gives rise to the single condition 

K = 2(2C + 4D + E) + {d + 2)B - (d + 2){d - A)A = . (4.7) 

From (4.2) it is easy to determine the singular behaviour as 2; — > y since then 

■pFFT / ^, ^\ ^^tJ,cr,tJ,'<j'ix — y) 7FFT („, \ (a o\ 

and similarly From (4.5) this is 0{{z — y) '^), which gives potential logarith- 

mic divergences on integration on W^. To analyse these singularities more closely we use 
generalisations of (3.7) for arbitrary d 

1 1 „ / N XiiXij 1 1 



11 27r^^ ^"^-^^ 



{x^)hd-u>+2 2a; d(d + 2)^ ' ' ^--^ ' ~ r(id) ' 

where the singularity is represented by a pole in u. Applying these results to the detailed 
expression (4.5) we may then find 

,a^(^) ~ ^^Ma,Ae^:%,A,^:%,a/3 SJ^x) , (4.10) 

with K as in (4.7). Hence imposing the condition K = is sufficient to ensure that there 
are no non integrable singularities for x,y ^ z in ^^avpap^-^^iVi^) ^^'^ ^^^^ f*-*^ general 
d it can be extended to a well defined distribution although there are ambiguities up to 
terms proportional 5'^{x — z) or 5'^{y — z) as in (2.33). 

For non coincident points we may write from (4.1,2) 

{V,{x)VMT.p{z)) = - ^f^"" 'J^'^'^'t^d-l d.d^tlZ'p,a,iZ) , (4.11) 

[{x - zy{y - zy) 

where 

+ j(z^£^„i,„g + Z„£^^i,„g)^^yij ^^^^^ 

-(i-I(d-2)/).,„(%|j-i.„,)^. 
I = C + D-\B, J= \{2E+{d-A){d-2)A-{d-2){B + 2C + AD)). 
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Thus it is clear that there are just two hnearly independent forms for this conformal 
invariant three point function. 

When d = 4 the resulting expression given by (4.2,3) is also ill defined as a distribution 
on due to the short distance singularity when x, z are all coincident becoming non 
integrable. This divergence is manifested, for general d, by a pole in e = 4 — d. For 
^fiaup 0/3(^5 ^) P°^^ involves just delta functions without derivatives and the tensorial 
structure of the residue has an essentially unique form dictated by symmetry requirements 
and assuming that it is traceless on afi. Hence we may write in general 

rJi;jp,aM^, ^) ~ f ^V,A.^%,A,^%,«/3 SaH\x - z)5\y - z) . (4.13) 
To determine the coefficient R we make use of the formula [^1| 

{x-yY^^{y-zY^^{z-xY^- d - A„ 11 r(AJ T{\d) ^ ^ ^' 

(4.14) 

which exhibits the the singularity at coincident points as a singularity in ^^\a- The 
poles which are present when Aq, — ^(i = 0, 1, . . . correspond to sub- divergences for these 
Aq for two points becoming coincident, as expected according to (4.9). As given by (4.2,3) 
r^/^J^ ^^(x, y, z) has no subdivergences for x — >• y or, subject to (4.7), if x,y — > z. To 
apply the result (4.14) directly to determine R in (4.13) it is necessary to contract indices 
to avoid complicated tensorial expressions. Hence instead of (4.13) it is sufficient to analyse 
just 



rji:jp,.p(^, y, ;.) ~ I i(ci - l)(rf - 2){d + 2) S^d^x - z)5\y - z) . (4.15) 



Using (4.2,3) the left hand side of (4.15) may be expressed as a sum of terms of the form 
exhibited in (4.14) with Aa = f — 2 where in individual terms \a = \d -\- ria for Ua 
an integer. When tIq, = 0, 1, . . . for some a the formula (4.14) is singular. In order to 
avoid these problems we introduce an additional factor [x — y)'^'^^{x — z)'^^'^{y — z)"^^^ so 
that Aq, ^ Aq, — and the singularities now correspond to poles in Ua- The poles in ^3 
cancel when terms corresponding to each coefficient A, B, C, E in (4.3) are combined, 
so long as the residues given by (4.14) are evaluated at the pole ^d = 2 + J^a'^a^ since 
each term in (4.2,3) has no non integrable singularity for x ^ y for d ^ 4. After taking 
the limit ^3 — * the poles in uJi^2 also cancel if the condition (4.7), which eliminates the 
sub- divergences for either x — > z or y — * z, is applied. Taking the limit 101^2 ^ we then 
obtain the result 

R=-^{5B + 2C + 6D) = l{I + J), (4.16) 

where E has been eliminated as a consequence of imposing (4.7). 

The additional freedom present in this three point function beyond a minimal expres- 
sion satisfying the Ward identities is associated with the arbitrariness in (1.3) since this 
allows a trivial solution of the Ward identities if the three point function of the form 

r^i^Jp, 0/3(3^5 z)c = d^jd'^gV^^^^p^^^gplx , y, z) , (4.17) 
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where r^^*-" has the Weyl tensor symmetries with respect to the indices a'jSP exhibited 
in (1.4). ^j^aupa-ySpi^^y^^) be found according to the general rules for obtaining 

conformal invariant three point functions. In general the resulting expression is less singular 
for X ^ y ^ z and hence there is no pole for (i — > 4, such as in (4.13). A particular solution 
may be found by taking 

i t.a,vp,a^5pKX, y, z) - — —^32 t t^' a' W p' ,a^Sp ■ (4.18) 

[{x — zy[y — z)'') J 2 

Here £'~' represents the projector onto tensors with Weyl symmetry and is defined in detail 
in appendix A. The expression for the three point function obtained from (4.17,18) can be 
related to the previous forms given by (4.1,2,3) most directly by considering 

i^lxaJ'p,al3{X)c = 9^9$ {l^„pyp>{X) S^f^^^' p' ^a-fSp ^j^2^^d-l ) " {4:.19) 

Comparing the result of this calculation with (4.5) we may then find the coefficients 
A, B, C, D, E in terms of Q, or equivalently 

The result of using (4.17,18) in (4.1) gives an expression for {Vp,{x)V^{y)Tai3{z)) in which 
the conditions on the energy momentum tensor in (1.1) are trivially satisfied. 

To find a particular form for {Vij,{x)V^{y)Tctp{z)) in which the Ward identities are non 
trivial we consider the simple case of taking in (4.3) A = B = C = 0, E = —AD, which 
satisfies (4.7). With this choice then using (2.9) we find the relatively simple expression 



+ 1^ ^ ^{^^fia,X{a^^,yp,X\l3) " lSai3S^^a,up) Sd S'^ {x - z)5'^{y - z) , 

(4.21) 

where we have subtracted the pole in £, as calculated in general in (4.13,16), in accordance 
with standard dimensional regularisation so as to ensure a well defined distribution for 
d ~ 4 for this conformally covariant three point function. The form of the residue of the 
£ pole in (4.21) has been modified by terms of 0(e) from (4.13) in order later to ensure 
compatibility with the standard form of Ward identities. As usual the counterterm in 
(4.21) contains an arbitrary scale The dependence of the regularised expression on jjL 
reflects the short distance singularity present for d = A. 

To obtain the Ward identities flowing from the conservation equation for the energy 
momentum tensor we may use, for general d. 



5a ((^')^'(%^ - -/^p)) = -S/-^ (d,8\z -x) + d,8\z - y) 

\ 

(x-y) 



+ 2d{5\z-x)-5\z-y))^^-^), 



(4.22) 
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where the result is unambiguous if the traceless condition is imposed on the distribution 
formed from the Z-dependent part of (4.21). If we use (4.22) in conjunction with 



xV,^p(a^ -y) pa, ix-y)p _ hp{x-y) ..<.o^ 

' (a: - 2/)2(d-2) ""P^x-vY {x - yf ' ^ ' 



then we find 

^^^^p^ aC;S>,a/3(^, y. = dl (S'^ix - z) {5,pT^,{x - y) - 5^pT,,{x - y))) 

+ X, iJ, ^ y, v . 



(4.24) 



where we take 



r^.(x - y) = DSd^ [x^^-lyJ-i) + l^~"^/d{d^d. - 5^.d^)5\x - y) . (4.25) 

It should be noted that the 85'^ terms in (4.22) do not contribute to the final result in 
(4.24). In order to obtain (4.24), where the r.h.s. is expressed solely in terms of F^j^, it 
is crucial that the second term in (4.21) has exactly the tensorial form shown. Since, by 
extension of results such as (4.9), 

~ -^^Sa{d^d, - 5^,d^)5\x) for e ^ , (4.26) 

then it is easy to see that V ^i, in (4.25) has the appropriate dimensionally regularised form 
for (i ~ 4. The result (4.24) has the correct form expected for the Ward identity, if we take 
in (2.30) {Cj3x)^^i = -£ 



(4.27) 



d'a{V^,{x)VMTapi^)) = - dl[d''{x - z){d,p{V^{x)VM) - 3^^p{Va{x)VM) 

+ x, iJ,^y,u, 



assuming the two point function {V^{x)V^{y)) — —r^i,{x — y) (which satisfies the conser- 
vation equation d^^{y^{x)Vjy{y)) = 0). The overall coefficient, defined as in (2.17) and 
generalising to the general case as given by (4.12), is then 

Cv = \Sd{I + J). (4.28) 

Although the identity (4.27) is satisfied with this construction the regularised expression 
(4.21) now has an anomaly in the trace of the energy momentum tensor arising from the 
counterterm since the e pole is cancelled by the operation of taking the trace, 

K^^p,aa{^.y. = fi-'^D£^^^,,pSd^5\x - z)5\y - z) . (4.29) 
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Hence in four dimensions the trace anomaly in the three point function for the energy 
momentum tensor and two conserved currents becomes 



{V^{x)V,{y)T^^{z)) = -\'n^CvS^p.,updld%5\x - z)5\y - z)) . (4.30) 

This result is as expected for the trace anomaly in four dimensions (note that as 
Coioi = in this case there is no contribution of the two point function (VV) to the 
trace identity). If the conserved currents are coupled to a background gauge potential 
then the expectation value for the energy momentum tensor trace in this background 
has contributions proportional to F^^F^i, as shown in (1.7). By considering functional 
derivatives with respect to it is easy to see that the trace anomaly is exactly compatible 
with (4.30) if K is given by (2.46). 

5 Energy Momentum Tensor Three Point Function 



A significant result obtained in is that there are only three linearly independent 
conformally covariant forms for the conserved and traceless energy momentum tensor sym- 
metric three point function in general dimensions d (although for d = 2 there is only one 
while if d = 3 there are two). We here rederive this result more simply by following an 
approach in which the Bose symmetry of the three point function is always manifest. It is 
convenient to define 

(T^^(x)T^p(y)Ta/3(z)) = T'll'^^p^^pix, y, z) , (5.1) 

and then using the results on conformal transformations in section 2, in particular the 
existence of the vectors X, Z which are given by (2.7) and its obvious permutations, it 
is possible to construct five possible completely symmetric expressions, assuming T^j, is 
a traceless tensor field of dimension d, for F^^J^ ^.^(x, y, 2) with the required properties 
under conformal transformations so that in general we may write an expansion involving 
just five coefficients A, B, C, P, £, 

((x - yf{y - zf{z - xf) ^'^ T^^J^ ^/^(a:, z) 

+ B I^i(ji{x — y)I,yia'{x — z)Yp/Zp>{y — z)^ + cyclic permutationsj 
+ Cl'^^„^^p{x - y) (^^^^ - ^^»f3^ + cychc permutations 

+ V£^^^^^'^'£'^^p^„'p>X^'Y^'{x - yfli,ip'{x - y) ( ^^f^ - ^'^a/j) + cychc permutati 
1 ^(Y„Yp 1 ^(Z^Zp 1 x 

If all points are coUinear the r.h.s. of (5.2) reduces to constant tensors invariant under 
0{d — l) preserving the line defined hy x,y, z and from the results in [jl^ it is easy to verify 
the completeness of the expansion given by (5.2). 



10ns 
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It remains only to impose the conservation equation 

d^n{Tfj,iy{x)T^p{y)Tai3{z)) = for non coincident points, (5.3) 

which leads to relations between the coefficients A., B,C,V,£. The calculation of the di- 
vergence ^^r-^^^^p ^^(x, J/, z), for the general form given in (5.2), may be simplified by 
identifying separately all contributions which preserve manifest conformal covariance. To 
this end it is important to recognise that the derivative 9^ acting on an expression which is 
a scalar of scale dimension zero at x gives a vector of scale dimension one under conformal 
transformations at x. As an illustration it follows trivially from the definition of Z, and 
hence y, in (2.7) 

(a:-yr ' " (x - z)^ ' ^^■^> 

For application in (5.3) this may be extended, by using also d^^Y'^ = 2X^F^, to give as 
well 

^^.(^ - l^^p) = -2||^^%,.V'V'(^ - y)Y,, - 2X.(^ - ^5.p) . (5.5) 

Furthermore the divergence of a symmetric traceless tensor of dimension d is a vector. 
Thus we may obtain 

\{{x-yY{x-zYY / 

^ {y-zY ^ iuc{x-z) ^ _ i^^jx -y) \ 

2d {i^x-yf{x-zfy''^ {x-zf " {x-yY ' 

^ M ( TT- T-r^^'^^^v,p.'v'Xi,'lv'cJ{x - y)\ 

_ d-2 {y-zf / U,{x-y) \ 

" 2ci ((,_,).(,_,)2)iA^^^^-- ix-yf J' (5-6) 

^ M ( ^ 2:V,ap(a: - y) 

\{[x-y)\x-zYY 
= ' iix-y^^-i^-zrr''^ '^--^''-'^^ - ' 

\{{x-y)^{x-z)^y''' ^ ^ d )J 

Using these results, together with relations of the form (2.9), ^^/i-'^^^ap a/3(^' 2^' ^) 
also be obtained as a sum of conformally covariant forms. There are then two conditions 
necessary to ensure (5.3) 

i?2 = (rf-2)(d + 4)B-2d(d+2)C + 8P-4£: = 0. ^^''^^ 



20 



Thus there remain three independent coefficients which may be taken to be A, B, C by 
using (5.7) to eliminate V,£. 

For comparison with the general form (2.20) we may note that the expression (5.1,2) 
can be rewritten identically as 

[{x - zY{y - zY) 

where, from (5.2), we may obtain 



(Z2) 



ZaZp 1 



+ c(s^ ( 

r-T ( Z^z^ 1 ^ I c-T ( ZqZp 1 \\ 1 

+ (P - 4C) (%|^ - ^-^^ 



-{V- 2B) (£^qp,.^£^^p,.x - ^d,^) + ^ (ap)^ ^"'^ 



A 



(Z2) 



hd+1 



(5.9) 

which satisfies the conservation equation, d^t^jj,cFp,ai3{Z) = 0, subject to (5.7), which 
can alternatively be derived directly from (5.8), and also 1^pv,p'v'{,Z)ta(3,p'v' ,cFp{,Z) = 
(Z), arising from applying the symmetry condition (2.24) to (5.8)*. If we use 
(4.9), and its generalisations, to determine the short distance singularity similarly to (4.10) 
we find 

2uj, f \ ^ ((i + 4)Ri - 2R2 cT cT Q xdl \ ^K^(W 

X lpv,ap,afi\X) ~ — _^ 2)(ci + 4) '^^''^'7^ cjp,-q\0 a(3,\eJdO {X) , (^D.iUJ 

with i?i,i?2 given by (5.7). The pole at w = is therefore absent when the conservation 
equations (5.7) are imposed. 



* In terms of the treatment in ref.([|13||), where the three point function was specified in 
terms of coefficients a, 6, c or alternatively r, s, t, the relationship is A = 8a = 8t, B = 8(6 + 2a) = 
-4:(dr + {d + 4)s), C = 2c = -2{ds + 4t) 
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If we use the expression (5.9) it is straightforward to verify that 

f T T 

where, employing (5.7), 



(5.11) 



= W^)^^^'^ + 2)(d - 1)^ - B - 2{d + 1)C) . (5.12) 

The result (5.11) in exact agreement with the form dictated by the conformal identities 
(2.29) with Ct the coefficient of the energy momentum tensor two point function as shown 
in (2.18). 

Although the expression given by (5.2), subject to (5.7), is conformally covariant and 
satisfies the Ward identities (2.34,35) for general d it has singularities for x, y, z coincident 
when d = 4. In terms of dimensional regularisation there are two possible counterterms 
which are compatible with Bose symmetry and other identities so that we may take 

{T^^{x)T^p{y)Ta/3{z)) = T^^l^p^^^{x,y, z) 

-e (5.13) 
- 8^ (/5ai^Ji.,ap,a/3(a^> ^) + PbD^^^p^^f^ix, y, z)) , 

where ^ D'~' should be proportional to S'^{x — y)5'^{x — z) with four derivatives. The 
simplest method of defining ^ D'^ is in terms of functional derivatives of the possible 
local counterterms for a curved space background metric which are formed from the metric 

D^^.,apM^. y. ^) = Sg^'^(x)g<^P(y)g<^P(z) J "^'"^ 

§s r 

D';.,ap,ap{^, y, ^) = Sg,u^^^gap^y^gaP^,^ J V?^ 

with now, for general d, replacing (1.8), 

p ^ C^xo^C^Sxu^ , G = 6 R^^^sR^'^xu^] = ^^'^'""^75xc. - 4 R^^RjS + R^ ■ (5.15) 

Using diffeomorphism invariance, since F, G are scalars, it is not difficult to see that the 
expressions defined by (5.14) satisfy identities such that (5.13) is compatible with the Ward 
identity (2.34) if we now take for the two point function 

-e 



flat space 
flat space 



(5.14) 



{T,p{y) T^piz)) = Ct ^J^^^ly^ + l&(^a^£''.enp,a^5p d\d\d^^d\8\y - z) . (5.16) 



In principle ^ai^h should be determined in terms of A,B,C by requiring the (5.13) gives 
a well defined regularised expression for cZ — > 4 but the appropriate extensions of formulae 
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such as (4.14) are too involved to allow for simple analysis. In the next section we obtain 
a result for by a less direct route and it is clear from (2.37) that requiring (5.16) is the 
dimensionally regularised two point function leads to (2.42) again where, from (5.12) with 
(i = 4, we have Ct = j^'^'^i^^ -B - IOC). From its definition in (5.14) 



§2 r 



flat space 



5^ 

flat space 



(5.17) 



and hence, using (A. 4), 

^MM,^P,a/3(^' ^) = - 8{5'^{x -y) + 5'^{x - z))£^^,r,p,c^5pd^dnd^ds5'^{y - z) 

+ e 4£'^aevp,a-fS(3 dedr,S'^{x - y)d^dsS'^{x - z) , 



(5.18) 



and a corresponding identity for D'^ given later, it not difficult to see that the counterterms 
in (5.14) generate exactly the finite trace anomalies exhibited in (1.9) with the required 
coefficients (3a, (3b- 

The coefficients A, B, C and hence via (5.7) V, S should be calculable in any conformal 
field theory. In four dimensions there are three basically trivial theories given by free 
scalars, spin i fermions and spin 1 vectors for which [jll 

B = -^(^^ns + 4nF + 32nvy (5.19) 

where n^, np, ny are the number of free scalar, Dirac fermion and vector fields. Substi- 
tuting in (5.12) gives the standard results for Ct in free field theories. For general d only 
free scalars or fermions give conformal theories, the results are given in appendix B. 

6 Use of Derivative Forms for the Energy Momentum Tensor 

In order to determine explicitly the coefficients of the local singularities in the energy 
momentum tensor three point function when x,y,z become coincident, and hence obtain 
results for the coefficients in the trace anomaly, it is much simpler if we make use of the 
potential freedom expressed in (1.3) to reduce the degree of the singularity by extracting 
derivatives. To this end we consider a three point function which is restricted to the form 

r'^^,CTp,a/3(^7 = ^K^A^e^^r^^^^ Q,^(a;, y, z) , (6.1) 

where Fj^^^ ^^^^ has the Weyl tensor symmetries (1.4) with respect to the indices nnXiy 
and aerjp. By virtue of the results in section 2 it is still feasible to express F^j^^, where /, J 



23 



are shorthand notation for multi- indices with symmetry (1.4), in the conformal covariant 
form 

{{x - zy{y - zy) 

The general expression for t^^'^ has ten terms 

^CCT ( rv\ _ A pC cC cT 1 



d-2 



d-2 



I ^ c-C cC cT "ZiqZ^ 

-\- ^ O nKXu,oi'xojet^ a€'np,l3'x'^(t>^ a'P',ap ^^2^^d-l 

Mr)(pC! cC , cC cC \ ZqZ^ 

T -L^ yo i^KXv,xal3ui^ aer]p,xO(t>u> ^ ^ p,KXv,xO(i)uj<^ aer]p,xaf3u) 

I p fcC fC 
~r J-/ \0 i^KXfja'rxijJ^ aerip,9TXi^ 

,cc cC \cT ZeZp> 

-r p.KXu.erx'^^ <j€r)p,a'TX'^)^ a'l3',aP 

, PpC cC cT ZgZ^Zg'Z^> 
+ -T O ij,KXu,a'e(f>u)t> ae-np,f3'e'(f>'u:t> a' P' ,af3 , r70\^d 



(6.3) 



{z^y. 

ZaZp 1 , \ ZqZ^ 



~l~ H {^S fj,K,Xw,ci' TxO' ^ aerjp,6Tx4> 



{z^y 

, cC cC \cT ZpZ^Ze'Zjj, 

i- ixKXv,eTX<t>^ aerip,a'TxO' )^ a'(3',af3 ^^2^^d-l 

ZaZ(3 1 \ZqZ^ZqiZ(^ 



-T 1 O i^KXv,eTX<t>'^ aeTip,9'TX(t>' y ^2 d ) 



(Z2) 



id 



When d = 4 this set is overcomplete since there are various identities which arise from the 
vanishing of tensors antisymmetric on five indices. Thus, if C^api/ satisfies (1.4), 

CaK[xe^cl)CpK]X(f,X0 = {2CaKxeC/3KX(i> + C^eKxCp^fiKX — '2C^a.pxCKe(j)x)XeX(j, 

' + CaOKujCei^x^XeXp , (6.4) 

30 C£^[^;^Xq,C£^]^^ = C^ri^xC^rinxXoi — 4:CariKxC pr]KxX j3 ■ 

Hence for d = 4 it is easy to see that for instance £^^KXu,a'Txu}S'~^aer)p,i3'Txoj^'^a'/3',ai3 = 
and thus t'-'''^^ is independent of A. In general it depends only on 

AB + 2E + G + D, C + D, C' + 2D, F, H, I. (6.5) 
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The expressions given by (6.1,2,3) can be related to the previous general results for 
the energy momentum tensor three point function since expressing (6.1) in the form (5.8) 
requires 

By construction the result given by (6.6) automatically satisfies the conservation equation 
crp Q,^(Z) = and this in turn can be shown to also imply the necessary symmetry 
conditions t^,y^ap,apiZ) = 1^p.u,p.'u'{Z)to,f3,p'v' ,ap{.Z), if t^^^^jp^apiZ) = iap,pLu,ai3{Z), which 
have already been imposed on the expression exhibited in (5.9). Hence tni,^(^p^af3{Z)c 
gives results for the coefficients A, B, C, "D, S satisfying (5.7) so it is sufficient to quote only 
A, B, C. The results for general d are lengthy so they are relegated to appendix C but for 
d = 4 we have 

^ = i (6(45 + 2E + G + D) + 8{C + D) + 7{C' + 2D) - + IhH + 12/) , 

B=l (24(45 + 2E + G + D) + 2{C + D) + 13(C" + 2D) + + 155 + f /) , (6.7) 

C=l (3(45 + 25 + G + 5) + 7(C + 5) + 5(C" + 25) - 5 + 125 + f /) , 

which are in accord with the requirement of depending only on the linear combinations 
appearing in (6.5). It is important to note that substituting in (5.12), Ct — 0, for general 
d, so that assuming the form (6.1) gives only two linearly independent solutions for the 
conformally covariant energy momentum tensor three point function. 

Besides t^^'^ it is also natural to define 
SO that in (6.2) the short distance limit as ?/ — > 2; is given by 



r^Z^ix, y, z) ~ [^"^''^^",(,4 - 



(6.9) 



If the conservation equation on r^^^ is imposed then 

d'^TfZp{x,y,z)^0 ^ d^ifZf.iX) ^ , (6.10) 

which, after calculating t^'CT fj-Q^^ (6.3), leads to two conditions, 

Ti = - {d^ - 16) {AA + C) + {d + 4) (4C + 2{d-2)D + F) 

+ 16(45 + 25 + ^ + 5) +4/ + 85 = 0, (6.11) 
T2= - {d^ - 16)A -^{d- 4)C' + {d + 2)C + 3dD + 165 + 45 + 2G = . 

The second condition, T2 = 0, is not necessary if d = 4. We may also calculate the short 
distance singularity in T'~^'-^'^{x, y, z) as y ^ z or x ^ z hj virtue of (6.9) by considering 

^"^"^i^Sfalii^) ~ 2^ rf(d + 2){d + 4) ^'^^'«'^Xa;^^J,/3'TXu^^^a'/3',a/3 Sd5'^{x) , (6.12) 
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where 

U = {(f - 16) {{d -2)A-C- C) - lQ{d - 2)B - 6dD 

- 2{d -8){G + 2E) + §(d + 4)F + 6(7 + 2H) (6.13) 



= |Ti-(d + 4)T2. 

If [/ = there are no sub divergences in r"-"*-^^ for general d. It should be noted that if 
d = A this condition is superfluous since the tensorial expression in (6.12), as remarked 
earlier, vanishes identically. 

The reason for here writing the three point function in the form (6.1) is that the 
singular behaviour as d — > 4 may be quite straightforwardly determined since it involves 
5-functions without derivatives. Imposing the condition that the residue of the pole in e 
should be traceless in a(3 we are led to unique form 

r^S/3(^' ^) f ^^I,arx^^''j,P'rx^S^a'P',aP S^H^X - z)5\y - z) . (6.14) 

The tensorial expression in (6.14) vanishes if e = but this depends on the vanishing 
of tensors antisymmetric in five indices so (6.14) nevertheless represents the singular be- 
haviour of Y^^^ as a function of d as a continuous variable. In order to obtain a well 
defined distribution as d — > 4 the pole must be subtracted according to the standard lore 
of dimensional regularisation. To calculate R wc follow a similar approach to that followed 
in section 4 and introduce a factor [x — y)'^^'-^{x — z)'^^'-^{y — zY'^'^ on the l.h.s. of (6.14). 
On the r.h.s. the pole is displaced to £ + 2 uja and R is modified to R{uj) although 
the structure of the residue is unchanged. If we contract indices then the form of the 
singularity reduces to 



{x - yf^'ix - zf^-{y - zf^'T^^^{x,y,z)^,r,p,.er,p,^. 

Sd^5\x-z)5\y-z), 



n-) ...a... (6-15) 



where, inserting (6.2,3), this can now be represented as a sum of terms to which (4.14) can 
be applied to determine TZiu). It is then clear that 

where f{d^4) denotes the result of contraction of the tensor in (6.14) and is given explicitly 
by (A. 2), for x — > f{x) ~ ^x. Subject to using the condition U — from (6.13) to 
eliminate one coefficient, so that for example / = |(4S — 2E — G) + AD — 2F — 2H, it is 
straightforward to take the limit a; — > and obtain for the residue in (6.14) 

i? = - 323^ (2(4S + 2E + G + D)+A{C + D) + 3(C" + 2D) -^F + 7H + 5/) 

(6.17) 

= I6^(13^-2B-40C), 
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where the second hne follows from (6.7) although, since 9^ — B — IOC = as a result of 
Ct = 0, the final expression is not unique. 

Although subtracting the pole in e given by (6.14,17) is sufficient to ensure a regu- 
larised expression for r*^*-"^ it is not appropriate when applied to (6.1) since the symmetry 
requirements on r^-^^ will not be satisfied. In order to verify that it is sufficient to use the 
explicitly symmetric counterterms subtracted in (5.13) we use the result, with G defined 
in (5.15), 

J d'^x^G = -15 R^\^siz)R''^xM)9a]p{z) = Hapiz) + eXaf3iz) , 

~ ^ {d - t^id - 1) (^^^^"/^ - + '2)9apR') , 

where the Weyl tensor C^^py is defined in (A. 3) and the explicit form for Xq,^ is unimpor- 
tant here save for the overall factor of e. The variation of the integral must vanish when 
d — 4: since it is then a topological invariant. Hap is zero if d = 4 due to the vanishing 
of antisymmetric five index tensors. Using (A. 4) for the form of the Weyl tensor in an 
expansion to first order about flat space 

^ ^ Hapiz) = 16 dldldyoyS^x - z)5\y - z) 

flat space (6.19) 



To 0(e) the tensor appearing in (6.19) is identical with S'~^'n^xi',a.'Tx<jj^'~'(7erip,f3'Tx<jj^'^a.' p' ,af5 
which appears in (6.14) (the difference arises from the 1/d term in £^^) so that from (6.1,14) 
we may now define a symmetric regularised expression for d ~ 4 by 



(6.20) 

where D'^ is defined in (5.14) and is given explicitly by 



= -30{S%,ane,.pl3Xr,d\d\dy,dyr,S^{x - z)5\y - z) + ^1 ^ ^ p] , 

with £^^^ij,aaKe,iypi3\r] denoting the projector onto totally antisymmetric five index tensors. 
From its definition D*^^ ^p{x,y, z) is manifestly symmetric and the results (6.19) show 
that subtraction of the counterterm in (6.21) is equivalent to subtracting the s pole in 
(6.14). It is also easy to see that d^^D'^^ ^p{x,y, z) = so that the counterterm in 
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(6.21) preserves the Ward identity d^^^^^^^^ ^p{x,y, z)c = 0. However the counterterm 
generates an anomaly in the trace since 

D^u,ap,aa {x,y,z)^le A%^^p{x -z,y-z), (6.22) 

where 

'^"'"^^ ^ ^M-(a;X^(y) ^ ^ flat space (6.23) 
= - 2A{£^%^,,,,pXvd\d\dy,d%S\x - z)5\y - z) + a ^ p] . 

Hence for cZ = 4 we have the anomaly 

r^J^P,aa(a^,y,^)c = -Ki?^2.,.p(x-2;,y-2;), (6.24) 

where in A*^ we can take 2A£'^^\cTKe,vp\r] ^^.a^e^upXri- Comparing the result with (1.9), 
since in this special case Ct and hence (3a are zero, it is easy to see that we must have 

= ^TT^i? = ^^y{nA -2B- 40C) . (6.25) 

The above analysis based on the expression (6.1) allows the topological anomaly term 
to be derived in four dimensions. It is clearly possible to assume more symmetrically 

r^^,CTp,a/3(3:^, y, z)c = d'l,d\d\d'^^dl^d'iV'^^^j^^^^^p^^^^p{x, y, z) , (6.26) 

with rj^j^(x, 2), where /, J, K each denote sets of indices with the symmetry (1.4), an 
integrable function even in four dimensions. Assuming manifest conformal invariance we 
can write 

" ((^_^)2(^_^)2)rf-2 ^.^.^v ; 

In this case we follow the treatment in section 2 to obtain a particular totally symmetric 
form for T^'^'^{x,y, z) by writing, as in (2.25), 

where d^ijK are the two possible symmetric invariant tensors which may be given by 

jl _ cC cC cC 

UK — ^ I,eriK\ ^ J,K.\x<jJ ^ K,xoJer] i 



(6.29) 

UK — ^ I,eriK\ ^ JjXxv^ ^ K,u!Kxe • 



72 _ fC cC cC 



These results then show that, for arbitrary d, that there are two linearly independent sym- 
metric forms for the conformally covariant energy momentum tensor three point function 
in which Ward identities and the traceless conditions for the energy momentum tensor are 
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trivially satisfied. This is in accord with the result, as in section 5, that there are three in 
general but that there are the non trivial Ward identities (2.34,35). However when d = 4 
the two expressions given by (6.27,28,29) are no longer independent since 

d\jK = 4d^iJK , (6.30) 

which can be shown using the vanishing of antisymmetric five index tensors. Such a relation 
must hold otherwise the possibility of a second anomalous term in the four dimensional 
trace identity (1.9) would be ruled out. These formulae can be related to previous results 
since from (6.26,27) we may evaluate the z derivatives to give r*-^*-^^ as defined by (6.1,2) 
together with (6.8), 

ts^(^) = i'^jmxws^m-^) ' ifZpi^) = d^,drtm.s,ix) . (6.31) 

Hence we may determine in terms of Xi, X2 the coefficients A, B, C, C", D, E, G, F, H, I in 
(6.3). For general d the results are again not very succinct so they are given in appendix 
C. If (i = 4 the linear combinations in (6.5) depend only on 4Xi + X2, as a consequence 
of the relation (6.30), and we may then obtain by using (6.7) a unique result for the three 
point function which is expressible in the form (6.26) 

A=l{4Xi+X2), B=f{4X, + X2), C = -I{4X^+X2). (6.32) 

A consistency check is that Cy, as given by (5.12) for d = 4, and f3b in (6.25) are both 
zero as required since, as mentioned earlier, the Ward identities are trivial when the three 
point function is represented as in (6.26). 

7 Effective Actions 



In discussing the energy momentum tensor it is natural to introduce an effective action 
W{g) whose variational derivatives with respect to a metric g'^'^ may be taken as defining 
correlation functions of T^i, on a general curved background. Assuming diffeomorphism 
invariance is preserved, so that W{g) is a scalar, then Ward identities may be summarised 
just by the covariant equation (1.6). If the underlying quantum field theory is conformally 
invariant on fiat space then W{g) is also invariant under local Weyl transformations of the 
metric, 5^9^'^ = '2,ag^'^ , apart from the anomalies arising from g^^{T^jj)g in two and four 
dimensions. 

As is well known in two dimensions the trace anomaly may be integrated uniquely to 
give[§§ 

^(9)= [ fd^xd^x' y^R{x)GA{x,x')^/^R{x'), 

yOTT J J (7.1) 

A,Ga(x, x') = SHx - x') , A = -v/^V^ , 

since under a conformal variation = and 5cj{^R) = — 2A(j. Although W{g) clearly 
vanishes on fiat space it gives a non zero result for two or more functional derivatives before 
taking g^j, = 5^^. To calculate the two point function on fiat space arising from W{g) 
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we may use 5g{y/gR) = -^{V^y^ - gf,u'^'^)Sgf"' and then since GaI^;, a;') Iflat space = 
— lnfx'^{x — x'Y /A-K it is easy to see that 

{T^^{x)T^p{y)) = -^S^^^Sy^p ln(x - yf , S^^ = d^d, - S^^d^ , (7.2) 

and hence with complex coordinates z = xi + 1x2 and T[z) = —2'kTzz{x) we recover the 
standard two dimensional conformal field theory result 

The corresponding three point function on fiat space, for non-coincident points, is also eas- 
ily obtained, using as well Sg{y/gV'^) = d^^{5g^^ — \g^^ gcTp5g"'')dv in order to calculate 
the variation of Ga, 

(T(Z1)T(Z2)T(^3)) 

_ _cr 1 1 1 ^ 

3 I - Z3Y{Z2 - Z^Y ^ {Z2 - ^1)3(Z3 ' Z^f ^ {zi - ^2)3(^3 " ^2)^ / (7-4) 

c 



{Zl - ZzY{z2 - 23)^(21 - ^2)^ ' 

which is again in accord with expectation. 

In four dimensions there is no possibility of finding any analogous general result al- 



though Barvinsky et al |33[j have explored in detail approximations based on an expansion 
in the curvature. Here we examine a proposal for part of the effective action due to Riegert 
||24|| * which exactly reproduces the Euler density term G in the curved space trace anomaly 



(1.7). This result is similar in form to the two dimensional expression (7.1) 

W^(^7)Riegert = -y I Jd^xd^x' gix)G''ix,x')gix') + ^ jd^'xy^R^ 

g = ^(G-^V'^R), A^G^{x,x') =6\x-x'), ('^•^) 

Under a conformal variation d^^g^'^ = 2ag^'^ then d^^g = — 4A^cr, ^o-A^ = 0^ and also 
Saiy/gR"^) = l2y/gRV^a which is sufficient to show that 5^1^(9') Riegert = f^b J d'^x^aG. 

Just as in two dimensions we may obtain correlation functions involving the energy 
momentum tensor by functional differentiation and then restricting to fiat space. It is 
straightforward to see that the second derivative of (7.5) restricted to fiat space gives zero. 
The essential result which is used to calculate the variation of the metric is 

f I d^xd%^/^^/Mv^X{x)G''{x,y)V^X{y) ~ jd^x^xA 

\J J J / flat space (7 6) 

d''xd''yd''z5g''P{z)V\p^,^d,Go{z - x)X{x) d^Go{z - y)X{y) , 




* For further discussions and also subsequent references see [ p4| . 

1" The fourth order operator which is invariant under local rescalings of the metric was 
also found independently by Paneitz and Eastwood and Singer p^ . 
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where Gq is the flat space restriction of — V^G^, 



G„M = j^, (7.7) 



and I^crp,e77 is a differential operator defined by 



fiat space J (7.8) 

T^ap,e'nXer] = —Q^X^p — 5crpd^dr,X^^ + d^d^X^p + dpdr,X^^ + |(5crp5^ — d(^dp)X^^ . 

Using these results we obtain an expression for the energy momentum tensor three point 
function, at non coincident points, on flat space corresponding to the effective action (7.5) 

^lZp,al3i^. y, ^)Riegert = -IPbh^P^iS^.Goix - z)t\,d%Goiz - 

^ (7.9) 

+ cyclic permutations > . 
The general result is not very transparent but it is not difficult to find for s = a; — j/ — > 

r^^5p,a/3(^> V: ^)Riegert ~ ^f^b I,^^ap-,6{s) d^dsGoiy - z)'S^a(3 , 

(s) = {AE^^p^x(^ds)d\Sp,u + 4£^^i/,A(7^5)^A'S'ap - S(^yds)Sfj,i,Sap)Go(s) . 

Since Invap-ysi^) — 0{s~^) this result is incompatible with what would be expected from 
a conformally covariant three point function, where according to the expressions obtained 
earlier the leading singularity should be 0(s~^), reflecting the contribution of the energy 
momentum tensor itself in the operator product expansion of two energy momentum ten- 
sors. In consequence the Riegert effective action, given by (7.5), is also in disagreement 
with the short distance behaviour expected for free fields. 

The failure of the Riegert action to lead to results on fiat space in agreement with 
conformal invariance is a consequence its large distance behaviour. From diffeomorphism 
invariance and also invariance under local rescalings of the metric, up to the standard 
anomalies, the gravitational effective action is constrained by 

J d'x {C,g>^^ + 2ag>^^) ^ W{g) = J d'x^a{PaF + PtG) , 

C^gf^'^ = v^dxg"" - Oxv^g^"" - dxv^g"^ = -Vv" - Vv'' . 

By considering functional derivatives and then restricting to flat space, and assuming 
{Cyg'^'^ + 2ag^'^)\f[at space = which is identical with the conformal Killing equation in 
(2.2), it is possible to derive the conformal invariance identities such as (2.36) for the two 
point function. However from the Riegert action (7.5), for asymptotically flat spaces, it 
is not difficult to see that in general (T^i/ (a;) )g, Riegert = C)(kl~^) for \x\ — > oo since the 
leading term involves Sp,i,d'^G^{x^x') d'a- With this asymptotic behaviour it is necessary 
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to restrict v^{x) to be 0(|a;|) for large |a;| in order to avoid surface terms in deducing 
(7.11) from V^(T^t^)g = 0. Hence there is no longer any identity corresponding to special 
conformal transformations, involving 6^ in (2.3), which play the essential role in restricting 
the form of two and three point functions on flat space. In two dimensions the effective 
action in (7.1) gives {T^^{x))g = 0(|a;|~^) which allows conformal invariance identities to 
be derived for 5z = 0{z'^). This is sufficient for invariance under the conformal group 
0(3, 1) which is in accord with the results (7.3) and (7.4). The action in (7.5) may also be 
extended to generate the other terms in the general curved space trace anomaly in (1.7) 
but similar difficulties arise in these cases as well and the effective action is also invariant 
under constant scale transformations of the metric contrary to the required behaviour 
under the renormalisation group. In consequence the Riegert form for the effective action 
is not compatible with the form expected from conventional quantum field theories. 

In general the form of the effective action compatible with the trace anomaly (1.7) 
can be written to quadratic order in the curvatures as 



W{g, A)(2) = J d^x^C^^P^^ln ( - VVA') - l)c, 



(7.12) 



where fi — 2e~'^ ii. For constant rescalings of the metric this generates exactly the result 
expected from (1.7) for j d'^x^ g^^^ {T^jj) g^A- The expression (7.12) may also be seen to 
exactly generate the flat space results for the energy momentum tensor and vector current 
two point functions given by (2.38), with Ct given by (2.42), and (2.17), with Cy given 
by (2.46). In general the ln(— V^) dependence in (7.12) ensures that (T^^y) and (V^) have 
suitable behaviour at large distances, contrary to what was found in the Riegert case above. 
Beyond leading order very lengthy expressions for the contributions to W{g^A) cubic in 
the curvature have been given but it is not clear at present what minimal form to take 
for these so as to generate just the conformally covariant energy momentum tensor three 
point functions on flat space which have been discussed earlier. 

As a simple illustration of an effective action which generates a trace anomaly on 
curved space and is compatible with conformal invariance when reduced to flat space we 
consider W{g^ J), where J{x) is a source coupled to a dimension two operator O. The local 
trace anomaly is then g^'^{T^,y)g,j = p\j'^. To obtain W we define the four dimensional 
conformal operator A and its Green function by 

A = v^(-V2 + \R) , A,G'a(x, x') = 5\x - x') . (7.13) 

Clearly G/s^{x^ ic')|flat space = Gq{x — x') as in (7.7). The contribution to the effective action 
involving J may now be taken as 

W{g,J) = Att^p J I d'^xd^x' ^/^J{x)n{GA{x, x'f) ^g{x')J{x') , (7.14) 

with the regularised product, 

n{GA{x, x'f) = [fi^^GAix, x'f-^ - Yg^<^'(a;, ^')) , (7.15) 
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defined similarly to (2.39), with 5'^{x,x') = 5^{x — x')/ ^Jg{x). Using for the variation 
under rescaling of the metric 5„G /s^{x,x') = (cr{x) + a{x'y)G^{x,x'), which follows from 
5crA = — crA — Act, it is easy to see that 

5a7^(G'A(x,x')^) -2{a{x)+a{x'))n{GA{x,x'f) = a{x)5^{x,x') , (7.16) 

and hence (7.14) generates the expected form for 5fjW{g, J), taking 5crJ = 2a J. From 
(7.14) it is trivial to derive the form of the two point function on flat space giving 

(OWOte)> = ^. Cc = ^. (7.17) 

More significant is the calculation of the three point function involving the energy momen- 
tum tensor in which it is necessary to vary the metric. Using 



5gG'A(x, y) = - j d"zG'A(x, z)5,A,G'a(^, y) , (7.18) 
we may obtain from the definition of A in (7.13) 



5 



5g^('{z)^^^'''^^ flat space 12tX^ {x - zY{y - z)^ \ 



1 {x-yf (Z^Zp 



\5r 



(7.19) 



and hence, at non coincident points. 



flat space 



4 Co (ZaZp ^ 



37r2 (x- z)^{y- z)^\ Z^ ^ 



(7.20) 



This expression is clearly compatible with conformal invariance, unlike the results obtained 
from the Riegert action earlier. 

In order to construct a wider class of effective actions we consider now a second order 
differential operator A^ acting on antisymmetric tensor fields, or 2-forms, which has 
simple transformation properties under local rescalings of the metric analogous to the 
operator A acting on scalar fields and defined in (7.13)*. A^ is defined by 

A^F^. = Vaim - dd)F]^, + R^^Fx. + R^^F^x - \RF^. + t C^^'^^F^p) , 

(dSF)^, = - 2d[^(^^g,]^dx{^g^^g-PF,,)) = -2V[^V^F;,|,] , ^^ ^i) 

{SdF)^, = - -^g^^g.5dx{V99^^9''''9''^d[rF,p]) = -3V^V[aF^.] , 



* This operator is a special case of a wider class of conformally covariant differential oper- 
ators [36|. 
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where t is an arbitrary parameter and we have used d to denote the exterior derivative 
and 5 its adjoint. It is not difficult to see that 



SaA^ = -3a + A^a , (7.22) 

which is the essential property for our purposes. From (7.21) may be expressed alter- 
natively by 

A^F^^ = - V^F^. + 2V^V^Fa. - 2V.V^Fa^ ^ ^ 

+ R/J. F\y — Ry FX/j, — gRF^jy + {t — l) C ^jy'^ ^ F^ p) , 

and the basic Green function is defined by 

{A^,G^)^rix, y) = 5^;5^^ 5\x - y) . (7.24) 

Using (7.22) we may see that 

5aG^,j,uap{x, y) = - {(t{x) + a{y))G^^yap{x, y) . (7.25) 

Reducing to flat space, by using Fourier transforms, the Green function is explicitly given 
by ^ 

Cl^apix, y) 1^^^ ^p^^^ = -^^I^^.u,ap{s) , s^x-y. (7.26) 
Using the analogous result to (7.18) we may also find, for non coincident points. 



Hiycrp{X,y) = /. 2\2^ \27 \2 "/u'i^',a'p',a/3l^ J 



Sg^/^iz) ^''"^^ ' ^' flat space (47r2)2(x - zf{z - yf 



n. cC f)Z f)Z ( ^^^J,l^,K,\{x z)I^^ri ,cr p{z y) 



(7.27) 



where 



h pi,i),ap,a.l3^^^ — 16 £^ l_iu,X£^ ap,Xr]^ eri,apZ 

— 8 ^^Hiy,\e^^crp,Xri (^"^K.a/J-^?? + ^%K,a/3-^e) -^K (7.28) 

As an application of these results we consider a contribution to the effective action 
involving the gauge field A which is of the form 

W{g,Af= -^U [ [ dSdV y^F^''{x)G''p^^p{x,x')GAix,x')^M^F''P{x') . (7.29) 



It is not difficult to see that no regularisation is necessary in this case and furthermore, as 
a consequence of (3.6), there is no contribution to the two point function of the conserved 
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vector current coupled to A on flat space. However (7.29) does imply an expression for 
the three point function involving the energy momentum tensor which is given by 



flat space (7.30) 



where, using the relation 

1^ixu,ap{x -y)= 1^ixv,er, " z)X^er,,ap{z - V) - ^^^^v^i^ " z)X^Xn,ap{z - v) , (7.31) 

which follows from (2.9), T^,y^cyp,ai3{x,y, z)^ is expressible exactly in the form (4.2,3), for 
d = 4, with 

A = U{16 + ft) , S = -Uft , C = -U{8 + ft) , + T^) ' ^ = ' (^-32) 

for U = C//(47r^)^. Note that these results satisfy = 0, as given in (4.7), and from (4.12) 
I + J = —B — D + = in accord with the Ward identities. 

For the purely gravitational effective action we may also consider an analogous con- 
tribution to (7.29), 

(7.33) 

the singularity as x ^ x' again does not require regularisation and, as for (7.29), W{g)^ 
does not contribute to the energy momentum tensor two point function on flat space but 
there is a corresponding expression for the three point function given by 

ij,K\u,aer]p,ai3{x, y, z)^ -\- cyclic permutations . 

{x,y,zy may be represented just as in (6.2,3) for d = 4 where, by applying 
(7.27) and (7.31) again, the coefficients are 

A= -\C' = V(32 + m, B = -\G = y (8 + f t) , 

4 ^ V 3 J 4 : 3 ^ ' (7.35) 

E= -^H = V{l6+ft), C^-\F = -Vft, 

for V = F/(47r2)3. These results satisfy Ti = T2 = from (6.11) and (6.7) now gives 

A=-4xfV, B = -46xfV, C=fV. (7.36) 

The ratios are just as in (6.32) as expected since both trace anomalies are absent for this 
gravitational effective action. 
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8 Conclusion 



In more than two dimensions correlation functions involving the energy momentum 
tensor or conserved currents in conformal field theories are not unique. The results of this 
paper show that this may be regarded as a reflection of the freedom in (1.3) or (1.2). When 
there is no non trivial Ward identity the expressions can be written so that effectively the 
energy momentum tensor or conserved current is exactly given by the trivial form so that 
the conservation and vanishing of the energy momentum tensor trace are automatic. As 
an illustration we may consider the three point function for a conserved vector current and 
two operators Oi, O2 of differing dimensions r]i,r]2. The general formula (2.20) gives 

{V^{x) Oliy) Oiiz)) 

= _ ,)2(.-?) _ ,)2,, W'i^ - -)DU'{i{y - z)) t/'\z) , ^'-'^ 

where t^,^i{Z) = 0(Z-(^-i+^i-^2)) f^^m the conservation equation d^t^^^{Z) = 0. It 
is easy to see that 

(^71 - V2)t^''{Z) = d^Z^t^^^iZ) - Z^t^^^iZ)) , (8.2) 

and hence, for r]i ^ r]2, we can always write t^*-'(Z) = d^F/^^J'^ (Z), F^j]'^{Z) = —F,^iJ'^{Z), 
so that (8.1) can be written as 

{V,{x) 0\iy) Oiiz)) 

A similar discussion applies in the case of the energy momentum tensor where the corre- 
sponding expression for the three point function has the form 



{T,^{x)0{{y)Oi{z)) 



^ XV,mV' {x - z)Dl,, {I{y - z)) t^,J^ [Z) , ^^'"^^ 



~ {X- Zfd {y - Z)^ri, - f^-^f^ - 

for ti^J^{Z) = 0(Z-(^+^i-'?2)). In this case, for r]i V2, it is possible to write t^„^^{Z) = 
dfjdpCuf^py'^^ {Z) with C^^jp^'^^ [Z) satisfying (1.4) and hence, analogous to (8.3), we may 
pull out two derivatives so there are no non trivial Ward identities, reflecting that the two 
point function {0\{y) C^fl-^)) = 0- To demonstrate the existence of C ^cr pv^-' {Z) we consider 
the Fourier transform tp,jj'^^{k) = 0{k^^'^~'^'^^). When rji ^ 772 the Fourier transform is 
unambiguous and satisfles k^ip^i^'^^k) = 0, tp^p,'^^{k) = (for 771 = 772 in,y{k) is ambiguous 
up to a constant Cp,,^ and the equations become kptpjy{k) — kp^ap,^, tpp{k) = b with a^,^, b 
constrained by Ward identities as in (2.31)). Subject to these results we may then deflne 

Cpcrpv {k) = ~ ^j^2^2 ^ 3 ^ fj,api/,a^SI3k'yks ia/3 (^) ; (8-5) 
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since from (A. 5) it is clear that —k^kpCf^^pi,'^^{k) = i^^^^ {k). For some cases, such as when 
Oi, O2 are scalar fields, there is no solution for t^*-^(Z) or t^j,,^^^ (Z) satisfying the necessary 
conditions so that the three point function must vanish (for Oi , O2 scalars this may be 
seen from (8.2) since tp_{Z) oc Z^). 

In a conformal field theory the coefficients of the trace anomaly depending on the 
Riemann curvature for a space background appear to play a significant role whose conse- 



quences may not yet be fully understood. As Deser and Schwimmer ||2^ have made clear 
in even dimensions, larger than two, there are two distinct classes of terms which may 
contribute to this anomaly. In four dimensions the term proportional to Pb has an ap- 
parent topological significance and, as shown in section 6, in a dimensional regularisation 
context is related to an 0{e/e) counterterm since it involves tensorial expressions which 
vanish identically for d = 4. From this point of view it is directly related to the Virasoro 
central charge c in two dimensions. The other terms present in the trace anomaly derive 
from counterterms constructed from the Weyl tensor and hence are related to standard 
short distance divergences. In four dimensions there is only one anomaly term formed 
in this fashion. This has the coefficient which then determines the scale of the two 
point function for the energy momentum tensor. Both Pa and Pb are also connected to 
the corresponding three point function. It would be interesting to see if there is a way of 
projecting out the part proportional to Pb which might make feasible an analysis similar 
to that of Zamolodchikov |]T^ in two dimensions. A still unresolved question is whether 
there is any requirement for Pb to be positive. As a conjecture it may be possible to apply 
the various suggested positivity conditions of classical general relativity to three point 



functions involving the energy momentum tensor but unfortunately the most naive appli- 
cation of such ideas does not lead to any direct condition on Pb [^2|]. As an illustration of 



such constraints, for scalar operators (9 in a field theory on Euclidean space, if is any 
unit vector we may impose the refiection positivity condition (C(An)T„n(0)O(— An)) < 
where T^n = n^^n^Tfj^i,, which is related to the notion of positive energy density. In the 
conformal limit this is equivalent to just positivity of the two point function for the scalar 
operator O itself but without conformal invariance this is a possible independent condition 
on the quantum field theory. A separate consequence of the results obtained here relates 
to implications for the gravitational effective action which may describe the back reaction 
of the matter fields on a curved space background. It is clear from our discussion of the 
Riegert action that additional constraints on the fall off of the energy momentum tensor 
expectation value at large distances need to be imposed if the results, when reduced to fiat 
space, are to correspond to standard field theory results. 
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Appendix A 

The projector operator S*^ has the exphcit form 



d- 2 



1 



The manipulation of such tensors is obviously time consuming and throughout we made 
extensive use of FORM |^^. The dimension of the space of tensors with the symmetry 
properties (1.4) in d dimensions is £'~^p,apiy,p,api' = j2d-{d + l){d+2){d — 3). For use in section 
6 we may for instance calculate 

{d - l){d - 3){d - 4){d + 4){d + 2){d + 1] 



c 



C 



96(rf-2) 



(A2) 

The factor d — 4 is expected since the tensorial expression vanishes identically when d = 4. 
On a curved space background with a metric g^^i, = S^i, + /i^^, then the Weyl tensor 



Riiapu 



■{gp[pRv]a - ga[pRv]p) + 



^p,(Tpu — J-'-papu ^ _ 2 

to first order in h can be written as 



{d-l){d-2) 



9p,[p9u]aR. (-4.3) 



(A4) 



A consequence of the definition (A.l), which is useful in the text, is to consider 
contraction with a vector k, 



£ pa-pWjCt^Spkakpk^kg 



1 



d 



(A.5) 



Appendix B 

For general d the trivial free boson and fermion theories give for the coefficients A, B, C 

d^ 



the results [13 



A=—r 



Si [d-ir 



ns 



^ 1 ({d-2)d^ , ^ ,2 ~ 

B = - —{ — ^ ns + 2d^nF 



Sd'yid-i] 



(B.l) 



1 fid-2fd'^ ,2 > 
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Here np = |tr (l)ni?, where tr is the Dirac trace. From (5.12) we get the standard result 
Appendix C 

We here give the results for general d for the coefficients determining the energy 
momentum tensor three point function obtained in section 6, 

[lid^- + 9d + 4)C + - 7d^ + 15d - 5)C" 
{d-3){d^ -d + 2)D^ 



(d-l)2(d-2) 



+ 



+ (d-l)(d-2) {^'^' ~ + ^^^^ -{d-^)G-\{d- 9)H + 2/} 



(d-l)(d-2) 



d(d-4)^(d-l) d^(d-3) d 3 ,„^2,27.,4^p 

4(d-2) '' + ^^^^+2(d-l)(d-2)'^'' +27d + 4)£: 

+ Kd'^ - 7d^ + nd^ - 17d + U)C' + {d- 3){d^ - 2>d^ + 2d + 2)d} 

- 2(d-lKd-2)4 '-^'-'°''^+^"^-^)« 

+ - 5) (3(i -7)H- {3d^ - + 1)/} 

+ 8(d-l)V-2)^ ''^-^''' + "''^ + ^^''-^^'^- (^■"> 
8{d-2) 2{d-l) 4{d-l){d-2)^ ' 

^ 4(d-i)'(d-2) { + - ^•'^ - + ^^-^ - ^"'^ 

+ Kd'^ - + 21^2 _ lU - 4)C" + - 3)(d^ - 3d^ + 8d- 8)d} 

- 4(d-l)(d-2)4 t'''-^''' + ^^''-^'')g 

+ 1(^3 - 14^2 + 41d - 36)H - {2d^ -7d+ 7)/} 

^ (3d^ - 15^3 + + 63d - 60)F . (C.lc) 



16(d- l)2(d-2) 
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For d = 4 these reduce to the results given in (6.8). 

The relation of the expression for r*-^^^ to the general form for r*-^^-^ for arbitrary d 
is given by the relations 

B = _ ^^^^ _ ^) (d^'^, + i(2d2 -9d + , 

C = - _ ^^^^ _ ((d^ - Sci^ - lOcZ^ + 20(i + 56)^^1 - {d^ - lld^ + IM + 24)A'2) , 

C = -JlZr^fJZr^i^^^'^ - - W - 11^"^ + 42rf' - 48d - 48)A'2) , 
D = _ _ {Aid"" -3d- 6)Xi + - 9d^ + 20d^ - 12d + 64)^2) , 
E = _ ^^^^ _ {{d^ -d^ - 28d + 12)A'i - {2d^ - lld^ + 7d- 6)X2) , 

/ = -2H = 4 (SA'i + (d^ - 5d + 2)A'2) . (a2) 
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